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FIXED POINT THEOREMS FOR (ε, λ)-UNIFORMLY LOCALLY
CONTRACTIVE MAPPING DEFINED ON ε-CHAINABLE G-METRIC
TYPE SPACES.
YAE´ OLATOUNDJI GABA1,∗
Abstract. In this article, we discuss fixed point results for (ε, λ)-uniformly locally con-
tractive self mapping defined on ε-chainable G-metric type spaces. In particular, we show
that under some more general conditions, certain fixed point results already obtained in
the literature remain true. Moreover, in the last sections of this paper, we make use of the
newly introduced notion of λ-sequences to derive new results.
1. Introduction and preliminaries
Fixed-point theory is an important and flourishing area of research of pure and applied
mathematics. Its relevance is due to the fact that in many real life problems, it is a key
mathematical tool used to establish the existence of solutions. Although the basic ideas
for fixed-point theory came from metric space topology, the last decades have seen a rapid
growth of the theory in metric-type spaces, see [2, 8] where concepts like startpoint, endpoint
were introduced, as “fixed-point like” theory. We also know from Mustafa [12, Proposition 5]
that every G-metric space is topologically equivalent to a metric space but G-metric spaces
and metric spaces are “isometrically” distinct.
Many fixed point in G-metric type spaces appear in the literature and the works by Jleli[6],
Kadelburg[7], Mohanta[10], Mustafa et al. ([11, 13, 14, 15]), Patil[16], Tran Van An[18] and
many more, are very enlightening on the subject. In [1], we began the study of fixed point
for certain maps defined on G-metric type spaces. Our purpose in the present paper is to
pursue this study by providing new fixed point results. We make use of the idea of orbitally
complete and ε-chainable G-metric type spaces as well as the concept of (ε, λ)-uniformly
locally contractive mapping that we introduce in this paper. We also show how the idea of
λ-sequence can be used to prove some of these results. The method builds on the convergence
of an appropriate series of coefficients. Recent and similar work can also be read in [4, 17].
We recall here some key results that will be useful in the rest of this manuscript. The basic
concepts and notations attached to the idea ofG-metric type spaces are merely copies of those
introduced for G-metric spaces and can be read extensively in [12] but for the convenience
of the reader, we here recall the most important ones.
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In [9, Definition 6], Khamsi and Hussain introduced the so-called metric-type space (X,m, α),
where the classical trianlge inequality condition is replaced by
m(x, y) ≤ α[m(x, z1) +m(z1, z2) + · · ·+m(zn, y)]
for any points for any points x, y, z, zi ∈ X, i = 1, 2, . . . , n where n ≥ 1 and some non-
negative constant α ≥ 0.
Imitating this, we introduced in [1] the definition below:
Definition 1.1. (Compare [12, Definition 3]) Let X be a nonempty set, and let the function
G : X ×X ×X → [0,∞) satisfy the following properties:
(G1) G(x, y, z) = 0 if x = y = z whenever x, y, z ∈ X ;
(G2) G(x, x, y) > 0 whenever x, y ∈ X with x 6= y;
(G3) G(x, x, y) ≤ G(x, y, z) whenever x, y, z ∈ X with z 6= y;
(G4) G(x, y, z) = G(x, z, y) = G(y, z, x) = . . ., (symmetry in all three variables);
(G5)
G(x, y, z) ≤ K[G(x, z1, z1) +G(z1, z2, z2) + · · ·+G(zn, y, z)]
for any points x, y, z, zi ∈ X, i = 1, 2, . . . , n where n ≥ 1.
The triplet (X,G,K) is called a G-metric type space.
Remark 1.2. (Compare [1]) We can easily observe that G-metric type spaces generalize
G-metric spaces and that for K = 1, we recover the classical G-metric. Furthermore, if
(X,G,K) is a G-metric type space, then for any L ≥ K, (X,G, L) is also a G-metric type
space.
Straightforward computations lead to the following.
Proposition 1.3. (Compare [12, Proposition 6]) Let (X,G,K) be a G-metric type space.
Define on X the metric type dG by dG(x, y) = G(x, y, y) + G(x, x, y) whenever x, y ∈ X.
Then for a sequence (xn) ⊆ X, the following are equivalent
(i) (xn) is G-convergent to x ∈ X.
(ii) limn,m→∞G(x, xn, xm) = 0.
(iii) limn→∞ dG(xn, x) = 0.
(iv) limn→∞G(x, xn, xn) = 0.
(v) limn→∞G(xn, x, x) = 0.
Proposition 1.4. (Compare [12, Proposition 9])
In a G-metric type space (X,G,K), the following are equivalent
(i) The sequence (xn) ⊆ X is G-Cauchy.
(ii) For each ε > 0 there exists N ∈ N such that G(xn, xm, xm) < ε for all m,n ≥ N .
(iii) (xn) is a Cauchy sequence in the metric type space (X, dG, K).
Definition 1.5. (Compare [12, Definition 9]) A G-metric type space (X,G,K) is said to be
G-complete if every G-Cauchy sequence in (X,G,K) is G-convergent in (X,G,K).
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2. First Results
We begin with the following property.
Definition 2.1. ([11]) Let (X,G,K) be a G-metric type space. A mapping T : X → X is
called Lipschitzian if there exists k ∈ R such that
G(Tx, Ty, T z) ≤ kG(x, y, z) (2.1)
for all x, y, z ∈ X. The smallest constant k which satisfies the above inequality is called
the Lipschitz constant of T , and is denoted Lip(T ). In particular T is a contaction if
Lip(T ) ∈ [0, 1).
Theorem 2.2. Let (X,G,K) be a G-complete G-metric type space and T : X → X be a
mapping such that T n is Lipschitzian for all n ≥ 1 and that ∑∞n=0 Lip(T n) < ∞. Then T
has a unique fixed point x∗ ∈ X. In fact, T is a Picard operator.
Proof. Let x ∈ X . For any n, h ≥ 0, we have
G(T n+hx, T nx, T nx) ≤ Lip(T n)G(T hx, x, x) ≤ KLip(T n)
h−1∑
i=0
G(T i+1x, T ix, T ix). (2.2)
Hence
G(T n+hx, T nx, T nx) ≤ KLip(T n)
(
h−1∑
i=0
Lip(T i)
)
G(Tx, x, x). (2.3)
Since
∑∞
n=0 Lip(T
n) < ∞, then limn→∞ Lip(T n) = 0. This forces (T nx) to be a G-Cauchy
sequence. Since X is G-complete, then (T nx) converges to some point x∗ ∈ X.
Claim 1: x∗ is a fixed point of T. On the one hand we have
G(T n−1x, x∗, x∗) ≤ K (G(T n−1x, T nx, T nx) +G(T nx, x∗, x∗))
≤ K [Lip(T n−1) G(x, Tx, Tx) +G(T nx, x∗, x∗)] , (2.4)
hence we get
G(x∗, Tx∗, Tx∗) ≤ K [G(x∗, T nx, T nx) +G(T nx, Tx∗, Tx∗)]
≤ K [G(x∗, T nx, T nx) +KLip(T )G(T nx, x∗, x∗)
+ KLip(T )Lip(T n−1)G(x, Tx, Tx)
]
. (2.5)
Letting n tends to ∞, we get G(x∗, Tx∗, Tx∗) = 01, i.e Tx∗ = x∗.
Claim 2: x∗ is the only fixed point of T. If a∗ is a fixed point of T , then
G(a∗, x∗, x∗) ≤ G(T na∗, T nx∗, T nx∗) ≤ Lip(T n)G(a∗, x∗, x∗) (2.6)
for any n ≥ 1. Since limn→∞Lip(T n) = 0, we obtain that a∗ = x∗.

1See [12, Proposition 1], which allows us to have G(x, y, z) = 0⇐⇒ x = y = z
3
Instead of the property (G5), a more natural condition is what appears in [12, Definition 3]
(G5′) D(x, y, z) ≤ K[D(x, z1, z1) +D(z1, y, z)]
for any points x, y, z, z1 ∈ X for some constant K > 0.
Theorem 2.3. Let (X,G,K) be a G-complete G-metric type space where G satisfies (G5’)
instead of (G5). Let T : X → X be a mapping such that T n is Lipschitzian for all n ≥ 1 and
that limn→∞ Lip(T n) = 0. Then T has a unique fixed point x∗ ∈ X if and only if the orbit
{T nx, n ≥ 1} is bounded 2 for some x ∈ X. In fact, if there exists x∗ such that Tx∗ = x∗,
then T is a Picard operator.
Proof. It is clear that when T has a fixed point, say u ∈ X , then its orbit {T nu, n ≥ 1} = {u}
is bounded.
Now let x ∈ X and assume that the orbit {T nx, n ≥ 1} is bounded, i.e. there exists α ≥ 0
such that G(T n+hx, T nx, T nx) ≤ α for any n, h ≥ 0. Hence, we have
G(T n+hx, T nx, T nx) ≤ Lip(T n)G(T hx, x, x) ≤ Lip(T n)α.
Since limn→∞ Lip(T n) = 0, then (T nx) is a G-Cauchy sequence, hence (T nx) converges to
some x∗ as X is G-complete. The remaining part of the proof follows the same idea as in
Theorem 2.2.

The two above results generalise the ones appearing in [12], in the sense that the mapping
T involved does not have to be a contraction, hence the condition on {Lip(T n)}.
3. Main results
Let (X,G,K) be a G-metric type space. We present here a few fixed point results for
(ε, λ)-uniformly locally contractive mapping defined on X . We begin with the following
definitions.
Definition 3.1. Let (X, d1, k1) and (Y, d2, k2) be two G-metric type spaces. A mapping
T : X → Y is said to be sequentially continuous if the sequence {Txn} d2-converges to
Tx∗ whenever the sequence {xn} d1-converges to x∗.
Definition 3.2. A self mapping T defined on a G-metric type space (X,G,K) is said to be
orbitally continuous if and only if limi→∞ T nix = x∗ ∈ X implies Tx∗ = limi→∞ TT nix.
Definition 3.3. Let T be a self mapping defined on a G-metric type space (X,G,K). The
space (X,G,K) is said to be T -orbitally complete if and only if for any a ∈ X every
G-Cauchy sequence which is contained in {a, Ta, T 2a, T 3a, · · · } G-converges in X .
Remark 3.4. We know that the Banach contraction requires the original space to be complete
but this assumption can be difficult to realise and often we just need the convergence of a
specific type of sequences, namely the ones generated by the orbits and for this, the idea
of orbitally completeness comes as a substitute for the metric completeness. For instance if
we let X = [0,∞) with G(x, y, z) = max{|x− y|, |y − z|, |z − x|} and define on X the map
T : X → X by Tx = x(x+ 1)−1. Then one can convince oneself that even though (X,G) is
not complete, T is orbitally continuous and X is T -orbitally complete.
2Recall that a subset Y of X is said to be bounded whenever sup{G(x, y, z), x, y, z ∈ X} <∞.
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Remark 3.5. Theorems 2.2 and 2.3 remain true if instead of requiring the space (X,G,K)
to be G-complete, we just assume that (X,G,K) is T -orbitally complete and T orbitally
continuous.
Definition 3.6. Let (X,G,K) be a G-metric type space. For x, y ∈ X, x 6= y, a path from
x ∈ X to y ∈ X is a finite sequence {x0, x1, · · · , xn}, n ≥ 1 of distinct points of X such that
x = x0 and y = xn. In this case, n will be called the degree
3 of the path.
Definition 3.7. The G-metric type space (X,G,K) will be called ε-chainable for some
ε > 0 if for any two points x, y ∈ X, x 6= y, there exists a path {x = x0, x1, · · · , y = xn}
from x to y such that G(xi, xi+1, xi+1) ≤ ε for i = 0, 1, · · · , n− 1.
Example 3.8. Let X be a non-empty set. We endow X with the discrete G-metric:
G(x, y, z) =
{
0, if x = y = z,
1, otherwise.
(X,G, 1) is 1-chainable but not 1
2
-chainable.
Definition 3.9. Let (X,G,K) be a G-metric type space. A self mapping T defined on X is
called locally contractive if for every x ∈ X , there exist εx ≥ 0 and λx ∈ [0, 1) such that
G(Tu, Tv, Tp) ≤ λxG(u, v, p) (3.1)
whenever u, v, p ∈ CG(x, εx) := {y : G(x, y, y) ≤ εx}.
Definition 3.10. Let (X,G,K) be a G-metric type space. A self mapping T on X is called
uniformly locally contractive if it is locally contractive and for every x, y ∈ X, x 6= y,
ε := εx = εy ≥ 0 and λ := λx = λy ∈ [0, 1), i.e. the constants εx, λx do not depend on the
choice of x ∈ X .
3.1. The sequential condition.
Theorem 3.11. Let (X,G,K) be a G-complete G-metric type space and let T be a sequen-
tially continuous4 self mapping on X such that
G(T nx, T ny, T nz) ≤ an[G(x, Tx, Tx) +G(y, Ty, Ty) +G(z, T z, T z)] (3.2)
for all x, y, z ∈ X where an(> 0) for all n ≥ 1 are independent from x, y, z and 0 ≤ a1 < 12 .
If the series
∑
an
5 is convergent, then T has a unique fixed point in X.
Proof. Let x0 ∈ X . We consider the sequence of iterates xn = T nx0, n = 1, 2, 3, · · · . Then
for n ≥ 1
G(T nx0, T
n+1x0, T
n+1x0) ≤an[G(x0, Tx0, Tx0) +G(Tx0, T 2x0, T 2x0)
+G(Tx0, T
2x0, T
2x0)]
= an[G(x0, Tx0, Tx0) + 2G(Tx0, T
2x0, T
2x0)].
3Of course, every point is a path of degree 0.
4Or just orbitally continuous.
5It is enough that the sequence (an) converges to 0
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Again
G(Tx0, T
2x0, T
2x0) ≤a1[G(x0, Tx0, Tx0) +G(Tx0, T 2x0, T 2x0)
+G(Tx0, T
2x0, T
2x0)].
Therefore
G(T nx0, T
n+1x0, T
n+1x0) ≤ an
[
1 +
2a1
1− 2a1
]
G(x0, Tx0, Tx0). (3.3)
Using property (G5), we can write:
G(xn, xn+m, xn+m) = G(T
nx0, T
n+mx0, T
n+mx0)
≤K[G(T nx0, T n+1x0, T n+1x0) +G(T n+1x0, T n+2x0, T n+2x0)+
+ · · ·+G(T n+m−1x0, T n+mx0, T n+mx0)].
So using (3.3), we get
G(xn, xn+m, xn+m) ≤ [an + an+1 + · · ·+ an+m−1]
[
1 +
2a1
1− 2a1
]
G(x0, Tx0, Tx0).
Now since
∑
an is convergent, we get that G(xn, xn+m, xn+m) → 0 as n → ∞ and the
sequence (xn) is G-Cauchy. Moreover, since X is G-complete and T sequentially continuous,
there exists x∗ ∈ X such that (xn) G-converges to x∗ and (xn+1) G-converges to Tx∗ = x∗
because (X,G,K) is Hausdorff. If x∗, z∗ are fixed points for T , then from (3.2), we have
x∗ = T nx∗ = T nz∗ = z∗, ∀n ≥ 1, i.e. T has a unique fixed point.

In a similar way, one can establish that:
Theorem 3.12. Let (X,G,K) be a G-complete G-metric type space and let T be a sequen-
tially continuous self mapping such that
G(T nx, T ny, T nz) ≤ an[G(x, Tx, Tx) +G(y, Ty, Ty) +G(z, T z, T z)]
for all x, y, z ∈ X where an(> 0) for all n ≥ 1 are independent from x, y, z and 0 ≤ a1 < 12 .
If X is T -orbitally complete and that the series
∑
an is convergent, then T has a unique
fixed point in X.
The next two results are inspired by Theorem 2.3.
Theorem 3.13. Let (X,G,K) be a G-complete G-metric type space and let T be an orbitally
continuous self mapping on X such that
G(T nx, T ny, T nz) ≤ an[G(x, Tx, Tx) +G(y, Ty, Ty) +G(z, T z, T z)] (3.4)
for all x, y, z ∈ X where an(> 0) for all n ≥ 1 are independent from x, y, z and 0 ≤ a1 < 12 .
We assume that limn→∞ an = 0. Then T has a unique fixed point x∗ ∈ X if and only if the
orbit {T nx, n ≥ 1} is bounded for some x ∈ X. In fact, if there exists x∗ such that Tx∗ = x∗,
then T is a Picard operator.
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Theorem 3.14. Let T be an orbitally continuous self mapping on a T -orbitally complete
G-metric type space (X,G,K) such that
G(T nx, T ny, T nz) ≤ an[G(x, Tx, Tx) +G(y, Ty, Ty) +G(z, T z, T z)] (3.5)
for all x, y, z ∈ X where an(> 0) for all n ≥ 1 are independent from x, y, z and 0 ≤ a1 < 12 .
We assume that limn→∞ an = 0. Then T has a unique fixed point x∗ ∈ X if and only if the
orbit {T nx, n ≥ 1} is bounded for some x ∈ X. In fact, if there exists x∗ such that Tx∗ = x∗,
then T is a Picard operator.
3.2. The Φ-class extension.
Let Φ be the class of continuous, non-decreasing, sub-additive and homogeneous functions
F : [0,∞)→ [0,∞) such that F−1(0) = {0}. We have the following interesting result which
generalises Theorem 3.11.
Theorem 3.15. Let (X,G,K) be a G-complete G-metric type space and let T be a sequen-
tially continuous self mapping such that
F (G(T nx, T ny, T nz)) ≤ F (an[G(x, Tx, Tx) +G(y, Ty, Ty) +G(z, T z, T z)]) (3.6)
for all x, y, z ∈ X where an(> 0) is independent from x, y, z and 0 ≤ a1 < 12 for some F ∈ Φ
homogeneous with degree s. If the series
∑
an is convergent, then T has a unique fixed point
in X. Moreover T is a Picard operator.
Proof. Let x0 ∈ X . We consider the sequence of iterates xn = T nx0, n = 1, 2, 3, · · · . Then
for n ≥ 1
F (G(T nx0, T
n+1x0, T
n+1x0)) ≤F (an[G(x0, Tx0, Tx0) + 2G(Tx0, T 2x0, T 2x0)])
≤asnF (G(x0, Tx0, Tx0)) + (2an)sF (G(Tx0, T 2x0, T 2x0))]
Again
F (G(Tx0, T
2x0, T
2x0)) ≤F (a1[G(x0, Tx0, Tx0) + 2G(Tx0, T 2x0, T 2x0)])
≤as1F (G(x0, Tx0, Tx0)) + (2a1)sF (G(Tx0, T 2x0, T 2x0)).
which gives
F (G(Tx0, T
2x0, T
2x0)) ≤ a
s
1
1− (2a1)sF (G(x0, Tx0, Tx0))
Therefore
FG(T nx0, T
n+1x0, T
n+1x0)) ≤ asn
[
1 +
(2a1)
s
1− (2a1)s
]
F (G(x0, Tx0, Tx0)). (3.7)
Using property (G5) and 3.7, we can write:
F (G(xn, xn+m, xn+m)) ≤ [asn + asn+1 + · · ·+ asn+m−1]
[
1 +
(2a1)
s
1− (2a1)s
]
F (G(x0, Tx0, Tx0)).
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As n → ∞, since F−1(0) = 0 and F is continuous, we deduce that G(xn, xn+m, xn+m) → 0
and the sequence (xn) is G-Cauchy. Moreover, since X is G-complete and T sequentially
continuous, there exists x∗ ∈ X such that (xn) G-converges to x∗ and xn+1 G-converges to
Tx∗ = x∗ because (X,G,K) is Hausdorff. The uniqueness of x∗ is given for free by the
condition (3.6).

In a similar way, one can establish that
Theorem 3.16. Let (X,G,K) be a G-complete G-metric type space and let T be a sequen-
tially continuous self mapping such that
F (G(T nx, T ny, T nz)) ≤ F (an[G(x, Tx, Tx) +G(y, Ty, Ty) +G(z, T z, T z)]) (3.8)
for all x, y, z ∈ X where an(> 0) is independent from x, y, z and 0 ≤ a1 < 12 and for some
F ∈ Φ homogeneous with degree s. If X is T -orbitally complete and that the series ∑ an is
convergent, then T has a unique fixed point in X.
Remark 3.17. If we set F = Id[0,∞) in the Theorem 3.11, we obtain the result of Theorem
3.11; the same applies to Theorem 3.12 with regard to Theorem 3.16.
Example 3.18. Let X = [0, 1] and G(x, y, z) = max{x, y, z} whenever x, y, z ∈ [0, 1].
Clearly, (X,G, 1) is a G-complete G-metric space.
Following the notation in Theorem 3.15, we set an =
(
1
1+2n
)2
.
We also define T (x) = x
16
for all x ∈ [0, 1] and let F be defined as F : [0,∞)→ [0,∞), x 7→√
x. Then F is continuous, non-decreasing, sub-additive and homogeneous of degree s = 1
2
and F−1(0) = {0}. Assume x > y ≥ z. Hence we have
F (G(T nx, T ny, T nz)) =
√
xn
16n
≤
√
x
16n
,
and
F (an[G(x, Tx, Tx) +G(y, Ty, Ty) +G(z, T z, T z)]) =
√(
1
1 + 2n
)2
(x+ y + z).
Observe that
∑
an ≤
∑
1
n2
< ∞ and a1 = 19 < 12 . The conditions of Theorem 3.15 are
satisfied, so T has a unique fixed point, which in this case is x∗ = 0.
A more general result can be written as:
Theorem 3.19. Let T be an orbitally continuous self mapping on a T -orbitally complete
G-metric type space (X,G,K) such that
F (G(T nx, T ny, T nz)) ≤ F (an[G(x, Tx, Tx) +G(y, Ty, Ty) +G(z, T z, T z)]) (3.9)
for all x, y, z ∈ X where an(> 0) for all n ≥ 1 are independent from x, y, z and 0 ≤ a1 < 12
and for some F ∈ Φ homogeneous with degree s. We assume that limn→∞ an = 0. Then T
has a unique fixed point x∗ ∈ X if and only if the orbit {T nx, n ≥ 1} is bounded for some
x ∈ X. In fact, if there exists x∗ such that Tx∗ = x∗, then T is a Picard operator.
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3.3. The ε-chainable setting.
The next result illustrates the use of the ε-chainability in fixed point theory.
The formulation is given as follows:
Theorem 3.20. If T is a (ε, λ)-uniformly locally contractive and orbitally continuous map-
ping defined on a T -orbitally complete and ε
2
-chainable G-metric type space (X,G,K), then
T has a unique fixed point.
Proof. Let x ∈ X . If Tx = x, then we are done. Else, since X is ε
2
-chainable, there exists a
path {x = x0, x1, · · · , xn = Tx0} from x to Tx such that
G(xi, xi+1, xi+1) ≤ ε
2
for i = 0, 1, · · · , n− 1. It is very clear that
G(x, Tx, Tx) ≤ Kε
2
.
Since T is (ε, λ)-uniformly locally contractive,
G(Txi, Txi+1, Txi+1) ≤ λG(xi, xi+1, xi+1) < λε
2
∀i = 0, 1, · · · , n− 1.
Hence, by induction
G(Tmxi, T
mxi+1, T
mxi+1) ≤ λmG(xi, xi+1, xi+1) < λ
mε
2
∀m ≥ 1.
Moreover, by property (G5)
G(Tmx, Tm+1x, Tm+1x) ≤K[G(Tmx, Tmx1, Tmx1) +G(Tmx1, Tmx2, Tmx2) + · · ·
+G(Tmxn−1, T
mTx, TmTx)],
and the above induction, we conclude that
G(Tmx, Tm+1x, Tm+1x) ≤ λ
mKnε
2
∀m ≥ 1.
For l, m ≥ 1, and again from property (G5)
G(Tmx, Tm+lx, Tm+lx) <
λm
1− λ
K2nε
2
,
which establishes that {T nx} ⊆ {x, Tx, T 2x, · · · } is a G-Cauchy sequence and G-converges
to some x∗ ∈ X since X is T -orbitally complete. Obviously x∗ is the desired fixed point by
orbitally continuity of T .
For uniqueness, if z∗ is a fixed point such that x∗ 6= z∗, we can find a path or an ε
2
-chain,
from x∗ to z∗ with
x∗ = x0, x1, · · · , xn = z∗,
We know that
G(Tmx∗, Tmz∗, Tmz∗) <
λmKnε
2
∀m ≥ 1.
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Hence
G(x∗, z∗, z∗) = G(Tmx∗, Tmz∗, Tmz∗) <
λmKnε
2
∀m ≥ 1.
As m→∞ G(x∗, z∗, z∗) = 0 and x∗ = z∗. 
We conclude this subsection with these examples.
Example 3.21. Let X = {0, 1} be endowed with the G-metric:
G(0, 0, 0) = G(1, 1, 1) = 0; G(0, 0, 1) = 1; G(0, 1, 1) = 2.
Let T : X → X be the mapping T0 = T1 = 0.
It is easy to see that (X,G, 1) is ε
2
-chainable with ε = 4 and T -orbitally complete6. It can
also be noticed that T is (ε, λ)-uniformly locally contractive with λ = 1
2
and T has a unique
fixed point x∗ = 0.
Example 3.22. Let X = {0, 1, 2} be endowed with the G-metric:
G(0, 0, 0) = G(1, 1, 1) = G(2, 2, 2) = 0;
G(0, 0, 1) = G(1, 1, 0) = 1;
G(0, 0, 2) = G(1, 1, 2) = G(0, 2, 2) = G(1, 2, 2) = G(0, 1, 2) = 2.
Let T : X → X be the mapping
T (x) =
{
0, if x = 0, 1,
1, if x = 2.
(X,G, 1) is ε
2
-chainable with ε = 4 and T -orbitally complete. Also notice that T is (ε, λ)-
uniformly locally contractive with λ = 1
2
and T has a unique fixed point x∗ = 0.
Remark 3.23. In general, for a bounded G-metric type space (X,G,K), if we set
δ := sup{G(x, y, z), x, y, z ∈ X},
then X is δ-chainable.
3.4. The λ-sequences setting.
This section aims at making use of the technique behind the λ-sequences in fixed point
theory. In [1, 3], we introduced the idea of λ-sequences in G-metric type spaces as follow:
Definition 3.24. (Compare [3]) A sequence (xn)n≥1 in a G-metric type space (X,G,K) is
a λ-sequence if there exist 0 < λ < 1 and n(λ) ∈ N such that
L−1∑
i=1
G(xi, xi+1, xi+1) ≤ λL for each L ≥ n(λ) + 1.
6The G-Cauchy sequences in the orbits are actually stationary
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Theorem 3.25. Let (X,G,K) be a G-complete G-metric type space, and let T be a sequen-
tially continuous self mapping on X. Assume that there exist two sequences (an) and (bn) of
elements of X such
F (G(T i(x), T j(y), T kj(z))) ≤ F ( ∆k i,j [G(x, T ix, T ix) +G(y, T jy, T jy) +G(z, T kz, T kz)])
(3.10)
+ F ( Γk i,jG(x, y, z))
for x, y, z ∈ X with x 6= y, 0 ≤ ∆k i,j, Γk i,j < 1/2, i, j = 1, 2, · · · , and some F ∈ Φ,
homogeneous with degree s, where ∆k i,j = G(ai, aj, ak) and Γk i,j = G(bi, bj , bk). If the
sequence (ri) where
ri =
( ∆i+1 i,i+1)
s + ( Γi+1 i,i+1)
s
1− (2 ∆i+1 i,i+1)s
is a non-increasing λ-sequence of R+ endowed with the max 7 metric, then T has a unique
fixed point in X.
Proof. Let x0 ∈ X , we construct the sequence (xn) by setting xn = T (xn−1), n = 1, 2, · · · .
Notice that if there is n0 ∈ N such that xn0 = xn0+1, then obviously T has a fixed point.
Thus, suppose that
xn 6= xn+1 for any n ≥ 0.
Using (3.10) and the homogeneity of F , we obtain
F (G(x1, x2, x2)) = F (G(Tx0, TTx0, TTx0))
≤ ( ∆2 1,2)sF ([G(x0, x1, x1)) + 2G(x1, x2, x2)])
+ ( Γ2 1,2)
sF (G(x0, x1, x1)).
Therefore
F (G(x1, x2, x2)) ≤
(
( ∆2 1,2)
s + ( Γ2 1,2)
s
1− (2 ∆2 1,2)s
)
F (G(x0, x1, x1)).
Also, we get
F (G(x2, x3, x3)) ≤
[
( ∆3 2,3)
s + ( Γ3 2,3)
s
1− (2 ∆3 2,3)s
]
F ([G(x1, x2, x2)
=
[
( ∆3 2,3)
s + ( Γ3 2,3)
s
1− (2 ∆3 2,3)s
] [
( ∆2 1,2)
s + ( Γ2 1,2)
s
1− (2 ∆2 1,2)s
]
F ([G(x0, x1, x1).
By repeating the above process, we have
F (G(xn, xn+1, xn+1)) ≤
n∏
i=1
(
( ∆i+1 i,i+1)
s + ( Γi+1 i,i+1)
s
1− (2 ∆i+1 i,i+1)s
)
F (G(x0, x1, x1)). (3.11)
7The max metric m refers to m(x, y) = max{x, y}
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Hence we derive, by making use of the the property (G5) and the properties of F , that for
p > 0
F (G(xn, xn+p, xn+p)) ≤ Ks[F (G(xn, xn+1, , xn+1)) + F (G(xn+1, xn+2, xn+2))
+ . . .+ F (G(xn+p−1, xn+p, xn+p))]
≤ Ks
[
n∏
i=1
(
(∆i+1 i,i+1)
s + ( Γi+1 i,i+1)
s
1− (2 ∆i+1 i,i+1)s
)
F (G(x0, x1, x1))
+
n+1∏
i=1
(
(∆i+1 i,i+1)
s + ( Γi+1 i,i+1)
s
1− (2 ∆i+1 i,i+1)s
)
F (G(x0, x1, x1))
+ . . .+
+
n+p−1∏
i=1
(
( ∆i+1 i,i+1)
s + ( Γi+1 i,i+1)
s
1− (2 ∆i+1 i,i+1)s
)
F (G(x0, x1, x1))
]
= Ks
[
p−1∑
k=0
n+k∏
i=1
(
( ∆i+1 i,i+1)
s + ( Γi+1 i,i+1)
s
1− (2 ∆i+1 i,i+1)s
)
F (G(x0, x1, x1))
]
= Ks
[
n+p−1∑
k=n
k∏
i=1
(
( ∆i+1 i,i+1)
s + ( Γi+1 i,i+1)
s
1− (2 ∆i+1 i,i+1)s
)
F (G(x0, x1, x1))
]
.
Now, let λ and n(λ) as in Definition 3.24, then for n ≥ n(λ) and using the fact the geometric
mean of non-negative real numbers is at most their arithmetic mean, it follows that
F (D(xn, xn+p, xn+p)) ≤ Ks

n+p−1∑
k=n
[
1
k
k∑
i=1
(
( ∆i+1 i,i+1)
s + ( Γi+1 i,i+1)
s
1− (2 ∆i+1 i,i+1)s
)]k
F (G(x0, x1, x1))


(3.12)
≤ Ks
[(
n+p−1∑
k=n
λk
)
F (G(x0, x1, x1))
]
≤ Ks λ
n
1− λF (G(x0, x1, x1)).
As n→∞, since F−1(0) = {0} and F is continuous, we deduce that G(xn, xn+p, xn+p)→ 0.
Thus (xn) is a G-Cauchy sequence.
Moreover, since X is G-complete and T is sequentially continuous, there exists x∗ ∈ X
such that (xn) G-converges to x
∗ and (xn+1) G-converges to Tx∗ = x∗ because (X,G,K) is
Hausdorff. The uniqueness of x∗ follows from the contractive condition 3.10, since Γk i,j < 1.
12
Indeed, for x∗ and z∗ fixed point of T , we have
F (G(x∗, z∗, z∗)) = F (G(T ix∗, T jz∗, T kjz∗))
≤ F ( ∆k i,j [G(x∗, T ix∗, T ix∗) +G(z∗, T jz∗, T jz∗) +G(z∗, T kz∗, T kz∗)])
+ F ( Γk i,jG(x
∗, z∗, z∗)
< ( Γk i,j)
sG(x∗, z∗, z∗).

As a particular case of Theorem 3.25, we state the following corollary.
Corollary 3.26. Let (X,G,K) be a G-complete G-metric type space, and let T be a sequen-
tially continuous self mapping on X. Assume that there exista a sequences (an) of elements
of X such
F (G(T i(x), T j(y), T kj(z))) ≤ F ( ∆k i,j[G(x, T ix, T ix) +G(y, T jy, T jy)+
+G(z, T kz, T kz) +G(x, y, z)]) (3.13)
for x, y, z ∈ X with x 6= y, 0 ≤ ∆k i,j < 12 , i, j = 1, 2, · · · , and some F ∈ Φ, homogeneous
with degree s, where ∆k i,j = G(ai, aj, ak). If the sequence (ri) where
ri =
(2 ∆i+1 i,i+1)
s
1− (2 ∆i+1 i,i+1)s
is a non-increasing λ-sequence of R+ endowed with the max 8 metric, then T has a unique
fixed point in X.
Example 3.27. Let X = [0, 1] and G(x, y, z) = max{x, y, z} whenever x, y, z ∈ [0, 1].
Clearly, (X,G, 1) is a G-complete G-metric space.
Following the notation in Theorem 3.26, we set an =
(
1√
2(1+2n)
)2
.
We also define T (x) = x
16
for all x ∈ X and and F : [0,∞) → [0,∞), x 7→ √x. Then F is
continuous, non-decreasing, sub-additive and homogeneous of degree s = 1
2
and F−1(0) =
{0}. Assume without loss of generality that x > y ≥ z and i > j ≥ k. Hence we have
F (G(T ix, T jy, T kz)) =
√
xi
16i
≤
√
x
16i
≤
√
x
16k
,
and
F ( ∆k i,j[G(x, Tx, Tx) +G(y, Ty, Ty) +G(z, T z, T z)]) =
√(
1√
2(1 + 2k)
)2
(2x+ y + z).
Moreover, since F is homogeneous of degree s = 1
2
, the sequence
ri =
(2 ∆i+1 i,i+1)
s
1− (2 ∆i+1 i,i+1)s
=
1
2i
8The max metric m refers to m(x, y) = max{x, y}
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is a λ-sequence with λ = 1/2.
The conditions of Corollary 3.26 are satisfied, so T has a unique fixed point, which in this
case is x∗ = 0.
All the results of this section remain true if X is T -orbitally complete and T orbitally
continuous.
3.5. Variants of the λ-sequences hypothesis.
In this subsection, we give some fixed results that we shall not prove as their proofs follow
immediately from the ones in the previous subsection.
Theorem 3.28. Let (X,G,K) be a G-complete G-metric type space, and let T be a sequen-
tially continuous self mapping on X. Assume that there exist two sequences (an) and (bn) of
elements of X such
F (G(T i(x), T j(y), T kj(z))) ≤ F ( ∆k i,j [G(x, T ix, T ix) +G(y, T jy, T jy) +G(z, T kz, T kz)])
(3.14)
+ F ( Γk i,jG(x, y, z))
for x, y, z ∈ X with x 6= y, 0 ≤ ∆k i,j, Γk i,j < 1/2, i, j = 1, 2, · · · , and some F ∈ Φ,
homogeneous with degree s, where ∆k i,j = G(ai, aj, ak) and Γk i,j = G(bi, bj , bk). If the
sequence (ri) where
ri =
( ∆i+1 i,i+1)
s + ( Γi+1 i,i+1)
s
1− 2( ∆i+1 i,i+1)s
is such that :
i) for each j, k, lim supi→∞( ∆k i,j)
s < 1 and lim supi→∞( Γk i,j)
s < 1,
ii)
∞∑
n=1
Cn <∞ where Cn =
n∏
i=1
ri =
n∏
i=1
( ∆i+1 i,i+1)
s + ( Γi+1 i,i+1)
s
1− (2 ∆i+1 i,i+1)s
,
then T has a unique fixed point in X.
Theorem 3.29. Let (X,G,K) be a G-complete G-metric type space, and let T be a self
mapping on X. Assume that there exist two sequences (an) and (bn) of elements of X such
F (G(T i(x), T j(y), T kj(z))) ≤ F ( ∆k i,j [G(x, T ix, T ix) +G(y, T jy, T jy) +G(z, T kz, T kz)])
(3.15)
for x, y, z ∈ X with x 6= y, 0 ≤ ∆k i,j < 1/2, i, j, k = 1, 2, · · · , and some F ∈ Φ, homogeneous
with degree s, where ∆k i,j = G(ai, aj, ak) and Γk i,j = G(bi, bj, bk). If the sequence (ri) where
ri =
(2 ∆i+1 i,i+1)
s
1− 2( ∆i+1 i,i+1)s
is such that :
i) for each j, k, lim supi→∞( ∆k i,j)
s < 1,
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ii)
∞∑
n=1
Cn <∞ where Cn =
n∏
i=1
ri =
n∏
i=1
(2 ∆i+1 i,i+1)
s
1− (2 ∆i+1 i,i+1)s
,
then T has a unique fixed point in X.
3.6. Common fixed points via λ-sequences.
The author plans to study more thoroughly and with examples common fixed point results
in another paper [5] but here is a first result of the kind.
Theorem 3.30. LetX be a G-complete G-metric space (X,G,K) and {Tn} be a sequence of
self mappings on X. Assume that there exist three sequences (an), (bn) and (cn) of elements
of X such that
G(Tix, Tjy, Tkz) ≤ ( ∆k i,j)G(x, y, z) + ( Θk i,j)[G(Tix, x, x) +G(y, Tjy, y) +G(z, z, Tkz)]+
+ ( Λk i,j)[G(Tix, y, z) +G(x, Tjy, z) +G(x, y, Tkz)], (3.16)
for all x, y, z ∈ X with 0 ≤ ∆k i,j + 3( Θk i,j) + 4( Λk i,j) < 1/2, i, j, k = 1, 2, · · · , and some
F ∈ Φ, homogeneous with degree s, where ∆k i,j = G(ai, aj, ak), Θk i,j = G(bi, bj , bk) and
Λk i,j = G(ci, cj, ck). If the sequence (ri) where
ri =
[
[( ∆i+2 i,i+1) + 2( Θi+2 i,i+1) + 3( Λi+2 i,i+1)]
1− ( Θi+2 i,i+1)− ( Λi+2 i,i+1)
]
is a non-increasing λ-sequence of R+ endowed with the max 9 metric, then {Tn} have a unique
common fixed point in X.
Proof. We will proceed in two main steps.
Claim 1: Any fixed point of Ti is also a fixed point of Tj and Tk for i 6= j 6= k 6= i.
Assmue that x∗ is a fixed point of Ti and suppose that Tjx∗ 6= x∗ and Tkx∗ 6= x∗. Then
G(x∗, Tjx
∗, Tkx
∗) = G(Tix
∗, Tjx
∗, Tkx
∗)
≤ ( ∆k i,j)G(x∗, x∗, x∗) + ( Θk i,j)[G(Tix∗, x∗, x∗) +G(x∗, Tjx∗, x∗) +G(x∗, x∗, Tkx∗)]
+ ( Λk i,j)[G(Tix
∗, x∗, x∗) +G(x∗, Tjx
∗, x∗) +G(x∗, x∗, Tkx
∗)]
≤ [( Θk i,j) + ( Λk i,j)][G(x∗, Tjx∗, Tkx∗) +G(x∗, Tjx∗, Tkx∗)]
≤ [(2 Θk i,j) + (2 Λk i,j)][G(x∗, Tjx∗, Tkx∗)],
which is a contradiction unless Tix
∗ = x∗ = Tjx∗ = Tkx∗.
Claim 2:
For any x0 ∈ X , we construct the sequence (xn) by setting xn = Tn(xn−1), n = 1, 2, · · · . We
assume without loss of generality that xn 6= xn+1 for all n ∈ N. Using (3.16), we obtain
9The max metric m refers to m(x, y) = max{x, y}
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G(x1, x2, x3) = G(T1x0, T2x1, T3x2)
≤ ( ∆3 1,2)G(x0, x1, x2) + ( Θ3 1,2)[G(x1, x0, x0) + G(x1, x2, x1) +G(x2, x2, x3)]
+ ( Λ3 1,2)[G(x1, x1, x2) +G(x0, x2, x2) +G(x0, x1, x3)].
By property (G3), one can write
G(x1, x2, x3) = G(T1x0, T2x1, T3x2)
≤ ( ∆3 1,2)G(x0, x1, x2) + ( Θ3 1,2)[G(x1, x0, x2) + G(x1, x2, x0) +G(x1, x2, x3)]
+ ( Λ3 1,2)[G(x1, x0, x2) +G(x0, x1, x2) +G(x0, x1, x3)]
Again since
G(x0, x1, x3) ≤ G(x0, x2, x2) +G(x2, x1, x3),
we obtain,
G(x1, x2, x3) = G(T1x0, T2x1, T3x2)
≤ ( ∆3 1,2)G(x0, x1, x2) + ( Θ3 1,2)[G(x1, x0, x2) + G(x1, x2, x0) +G(x1, x2, x3)]
+ ( Λ3 1,2)[G(x1, x0, x2) +G(x0, x1, x2) +G(x0, x1, x2) +G(x2, x1, x3)],
that is
[1− ( Θ3 1,2)− ( Λ3 1,2)]G(x1, x2, x3) ≤ [( ∆3 1,2) + 2( Θ3 1,2) + 3( Λ3 1,2)]G(x0, x1, x2).
Hence
G(x1, x2, x3) ≤
[( ∆3 1,2) + 2( Θ3 1,2) + 3( Λ3 1,2)]
1− ( Θ3 1,2)− ( Λ3 1,2)
G(x0, x1, x2).
Also we get
G(x2, x3, x4) ≤
[( ∆4 2,3) + 2( Θ4 2,3) + 3( Λ4 2,3)]
1− ( Θ4 2,3)− ( Λ4 2,3)
G(x1, x2, x3)
≤
[
[( ∆4 2,3) + 2( Θ4 2,3) + 3( Λ4 2,3)]
1− ( Θ4 2,3)− ( Λ4 2,3)
] [
[( ∆3 1,2) + 2( Θ3 1,2) + 3( Λ3 1,2)]
1− ( Θ3 1,2)− ( Λ3 1,2)
]
G(x0, x1, x2).
Repeating the above reasoning, we obtain
G(xn, xn+1, xn+2) ≤
n∏
i=1
[
[( ∆i+2 i,i+1) + 2( Θi+2 i,i+1) + 3( Λi+2 i,i+1)]
1− ( Θi+2 i,i+1)− ( Λi+2 i,i+1)
]
G(x0, x1, x2)
If we set
ri =
[
[( ∆i+2 i,i+1) + 2( Θi+2 i,i+1) + 3( Λi+2 i,i+1)]
1− ( Θi+2 i,i+1)− ( Λi+2 i,i+1)
]
,
we have that
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G(xn, xn+1, xn+2) ≤
[
n∏
i=1
ri
]
G(x0, x1, x2).
Therefore, for all l > m > n
G(xn, xm, xl) ≤ G(xn, xn+1, xn+1) + G(xn+1, xn+2, xn+2)+
+ · · ·+G(xl−1, xl−1, xl)
≤ G(xn, xn+1, xn+2) + G(xn+1, xn+2, xn+3)+
+ · · ·+G(xl−2, xl−1, xl),
and
G(xn, xm, xl) ≤
([
n∏
i=1
ri
]
+
[
n+1∏
i=1
ri
]
+ · · ·+
[
n+l−1∏
i=1
ri
])
G(x0, x1, x2)
=
l−1∑
k=0
[
n+k∏
i=1
ri
]
G(x0, x1, x2)
=
n+l−1∑
k=n
[
k∏
i=1
ri
]
G(x0, x1, x2).
Now, let λ and n(λ) as in Definition 3.24, then for n ≥ n(λ) and using the fact that the
geometric mean of non-negative real numbers is at most their arithmetic mean, it follows
that
G(xn, xm, xl) ≤
n+l−1∑
k=n
[
1
k
(
k∑
i=1
ri
)]k
G(x0, x1, x2)
=
(
n+l−1∑
k=n
αk
)
G(x0, x1, x2)
≤ α
n
1− αG(x0, x1, x2).
As n→∞, we deduce that G(xn, xm, xl)→ 0. Thus (xn) is a G-Cauchy sequence. Moreover,
since X is G-complete there exists u ∈ X such that (xn) G-converges to u.
If there exists n0 such that Tn0u = u, then by the claim 1, the proof of existence is complete.
Otherwise for any positive integers k, l, we have
G(xn, Tku, Tlu) = G(Tnxn−1, Tku, Tlu)
≤ ( ∆l n,k)G(xn, u, u) + ( Θl n,k)[G(Tnxn−1, xn−1, xn−1) +G(u, Tku, u) +G(u, u, Tlu)]
+ ( Λl n,k)[G(Tnxn−1, u, u) +G(xn−1, Tku, u) +G(xn−1, u, Tlu)]
Letting n→∞, and using property (G3) we obtain
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G(u, Tku, Tlu) ≤ ( Θl n,k)[G(u, Tku, u) +G(u, u, Tlu)]
+ ( Λl n,k)[G(u, Tku, u) +G(u, u, Tlu)]
≤ [(2 Θk i,j) + (2 Λk i,j)][G(u, Tku, Tlu) +G(u, Tku, Tlu)]
and this is a contradiction, unless u = Tku = Tlu.
Finally, we prove the uniqueness of the common fixed point u. To this aim, let us suppose
that v is another common fixed point of Tm, that is, Tm(v) = v, ∀m ≥ 1. Then, using 3.16,
we have
G(u, v, v) = G(Tnu, Tkv, Tlv) ≤ ( ∆l n,k)G(u, v, v) + 3( Λl n,k)G(u, v, v) < G(u, v, v),
which yields u = v. So, u is the unique common fixed point of {Tm}. 
We conclude this manuscript with the following result, whose proof is straightforward, fol-
lowing the steps of the proofs of Theorem 3.25 and Theorem 3.30 .
Theorem 3.31. Let X be a G-complete G-metric space (X,G,K) and {Tn} be a sequence of
self mappings on X. Assume that there exist three sequences (an), (bn) and (cn) of elements
of X such that
F [G(Tix, Tjy, Tkz)] ≤ F [( ∆k i,j)G(x, y, z) + ( Θk i,j)[G(Tix, x, x) +G(y, Tjy, y) +G(z, z, Tkz)]+
+ ( Λk i,j)[G(Tix, y, z) +G(x, Tjy, z) +G(x, y, Tkz)]], (3.17)
for all x, y, z ∈ X with 0 ≤ ( ∆k i,j)s + 3( Θk i,j)s + 4( Λk i,j)s < 1/2, i, j, k = 1, 2, · · · , and
some F ∈ Φ, homogeneous with degree s, where ∆k i,j = G(ai, aj , ak), Θk i,j = G(bi, bj, bk)
and Λk i,j = G(ci, cj , ck). If the sequence (ri) where
ri =
[
[( ∆i+2 i,i+1)
s + 2( Θi+2 i,i+1)
s + 3( Λi+2 i,i+1)
s]
1− ( Θi+2 i,i+1)s − ( Λi+2 i,i+1)s
]
is a non-increasing λ-sequence of R+ endowed with the max 10 metric, then {Tn} have a
unique common fixed point in X.
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